Elect ron-plasmon interaction in a cylindrical mesoscopic system: important 

similarities with Kaluza-Klein theories 
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Similarities between nonlinear electron-plasmon interactions in a cylindrical mesoscopic system and 
Kaluza-Klein theories, which stem from the analogy between the angular coordinate of a nanocylin- 
der with the compactified coordinates of the Kaluza-Klein theories, have been considered. These 
similarities indicate that electron and plasmon states with non-zero angular momenta exhibit strong 
long-range interaction with each other via exchange of plasmons with zero angular momentum. This 
insight has been confirmed by finding correspondent solutions of the nonlinear Maxwell equations for 
interacting plasmons. Such solutions have important consequences for description of electromagnetic 
and transport properties of mesoscopic metallic wires, holes and rings, such as recent observation of 
density-dependent spin polarization in quantum wires. Numerical estimates indicate that the latter 
effect can be explained by the electron energy level splitting in the gyration field induced due to the 
magneto-optical effect by the current flowing through the quantum wire. 



PACS no.: 78.67.-n, 73.63.-b, ll.lO.Kk 
1. INTRODUCTION 

Electromagnetic and transport properties of meso- 
scopic nanowires and nanoholes are the topic of consid- 
erable current interest, due to the strong drive towards 
development of nanotechnology and quantum comput- 
ing. While studying nanoscale science of these systems, 
researchers constantly meet new surprising phenomena 
caused by yet undiscovered quantum mechanical effects. 
One of such recent surprises was the discovery of anoma- 
lously high transmission of an array of nanoholes in a 
metal film by Ebbesen et al |0| , which has been explained 
by light coupling to the surface plasmons on the interfaces 
of the film (surface plasmons are the collective excitations 
of conductivity electrons and the electromagnetic field). 
Another recent surprise was the fact that such plasmon- 
assisted transmission does not destroy photon entangle- 
ment which makes nanohole arrays very interesting 
for optical quantum computing applications. Since any 
quantum computer needs some interaction between the 
qubits, nonlinear optics of surface plasmons in nanohole 
arrays becomes a topic of extreme interest for many fields 
of science. In another recent development, strong ev- 
idences of nonlinear optical effects which indeed occur 
inside the nanoholes due to excitation of localized and 
propagating cylindrical surface plasmons have been ob- 
tained in observations of singic-photon tunneling , and 
light-controlled photon tunneling effects [|| . While linear 
optics of cylindrical surface plasmons (CSP) is relatively 
well understood j5|, currently there is no theoretical de- 
scription of their nonlinear optics. 

Another important reason for taking a close look at the 
nonlinear optics of nanowires and nanoholes is the cur- 
rent state of mesoscopic physics. There exist numerous 
current contradictions between mesoscopic theories and 
experiment (6|j^,^ . At least some of these contradictions 
may be explained by previously unaccounted intrinsic 



electron-electron interactions |6|]. Electron-electron in- 
teraction mediated by cylindrical surface plasmons may 
be one of such intrinsic interactions in nanowires, since 
the surface plasmon electromagnetic field reaches consid- 
erable strength when the radius of the nanowire drops 
down to nanometer scale. As this happens, nonlinear in- 
teractions become enhanced and increasingly important 
(as has been observed in large number of nonlinear opti- 
cal effects at nanometer-scale-rough metal surfaces, such 
as surface enhanced Raman scattering, etc. where en- 
hancement factors reach up to 8-10 orders of magnitude). 
Unfortunately, no current mesoscopic theory takes these 
nonlinear interactions into account. 

The main reason for this lack of theoretical develop- 
ments is the general difficulty of nonlinear systems anal- 
ysis when nonlinear interactions are strong, and they can 
not be considered as small perturbations. In such sit- 
uations, often one can only guess the general form of 
the solutions, based on the comparison of the nonlin- 
ear system of interest with other better understood non- 
linear systems described by similar equations. Surpris- 
ingly, it appears that the theory of cylindrical surface 
plasmon (CSP) nonlinear interactions with electrons and 
with each other has a lot in common with a class of high 
energy physics theories called the Kaluza-Klein theories, 
which introduce extra N-4 compact and small spatial di- 
mensions (with characteristic size on the order of the 
Planck length) with the symmetries of the internal space 
chosen to be the gauge symmetries of some gauge theory 
|]lO| . The compactified extra dimensions are needed in 
order to formulate a unified theory, which would contain 
gravity together with the other observed fields. 

Similarity between the nonlinear optics of CSPs and 
the Kaluza-Klein theories stems from the way in which 
the electric charges are introduced in the original 
five-dimensional Kaluza-Klein theory (see for example 
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|^,|2|). In this theory the electric charges are intro- 
duced as chiral (nonzero angular momentum) modes of a 
massless quantum field, which is quantized over the cyclic 
compactified fifth dimension. Electromagnetic forces be- 
tween the electric charges appear as nonlinear coupling of 
these chiral modes, so four-dimensional electrodynamics 
described by the Maxwell equations may be understood 
as nonlinear optics of these modes. Similar Kaluza-Klein 
theories may be formulated in the lower-dimensional 
space-times. Such theories reproduce electrodynamics of 
electric charges in the worlds with less than three spatial 
dimensions. Since surface plasmons may be considered 
as if they live in a curved three-dimensional space-time 
defined by the metal interface, nonlinear optics of cylin- 
drical surface plasmons looks as if it occurs in a space- 
time which besides an extended z-coordinate has a small 
" compactified" angular </i-dimension along the circumfer- 
ence of the cylinder. Thus, the theory of CSP mode prop- 
agation and interaction (when the interaction is strong) 
may be expected to be similar to the three-dimensional 
Kaluza-Klein theory, and similarity between the behav- 
ior of CSP chiral modes with nonzero angular momenta 
and the behavior of electric charges in lower-dimensional 
worlds may be expected. This similarity is very useful 
in understanding of nonlinear optics of surface plasmons, 
since electromagnetic interactions of electric charges are 
very well understood. 

In this paper I explore the above mentioned Kaluza- 
Klein analogy to gain more understanding of the non- 
linear mesoscopic physics of thin cylindrical metal wires 
and nanoholes in metal films. Using the insights gained 
from the Kaluza-Klein theories I am going to obtain solu- 
tions of the nonlinear Maxwell equations for interacting 
cylindrical surface plasmons, which behave as interact- 
ing effective charges of non-electric origin. According 
to these solutions, higher (n > 0) CSP modes posses 
quantized effective chiral charges proportional to their 
angular momenta n. In a metal nanowire these slow 
moving effective charges exhibit long-range interaction 
via exchange of fast massless CSPs with zero angular 
momentum. These zero angular momentum CSPs may 
be considered as massless quanta of the gyration field 
(the field of the gyration vector 17), which relates the 
D and E fields in an optically active medium I 
describe the conditions for such physical picture to be 
valid, namely, the medium in or around the nanohole 
or nanowire should be chiral or optically active, and ex- 
hibit magneto-optical effect. This condition is fulfilled 
automatically in the case of any metal [p^ , which is 
optically active in the presence of magnetic field. This 
mode-coupling theory may be used in description of non- 
linear optics of cylindrical nanowires and nanochannels, 
for example, in single-photon tunneling effect where un- 
der some circumstances there is a direct analogy between 
the role of Coulomb blockade in single-electron tunnel- 
ing effect and the role of long-range chiral interaction 
of CSPs in single-photon tunneling. I will further show 



that the electron states with nonzero angular momenta 
exhibit similar long range chiral interaction via exchange 
of zero angular momentum CSPs. This result is of great 
relevance for low-temperature mesoscopic conductance 
of thin cylindrical wires and carbon nanotubes, which 
will be shown by considering the recent observation of 
density-dependent spin polarization in quantum wires. 
Thus, the nonlinear electron-electron, electron-plasmon, 
and plasmon-plasmon interactions may be considered in 
a unified way via introduction of effective chiral charges 
and fields, similar to the way in which unified field the- 
ories are constructed in high energy physics. It is also 
interesting to note that the nanohole geometries in this 
Kaluza-Klein description have many similarities with the 
space-time wormholes, which appear in many contempo- 
rary field theories. Thus, optical experiments performed 
on nonlinear nanoholes may become the proving ground 
for experimental testing of many novel ideas in theoret- 
ical physics, such as compactified extra dimensions and 
wormholes. Finally, I will show that so developed effec- 
tive Kaluza-Klein theory of electron-plasmon interaction 
has strong similarities with the nonlinear electrodynam- 
ics of a rotating nonlinear-optical medium. 

2. BASIC FEATURES OF KALUZA-KLEIN THEO- 
RIES 

As a first step, let us recall the basic features of the 
Kaluza-Klein theories. In the original form of the the- 
ory a five-dimensional space-time was introduced where 
the four dimensions , were identified with the ob- 
served space-time. The associated 10 components of the 
metric tensor gap were used to describe gravity. After 
a compactified fifth dimension with a small circum- 
ference L was added, the extra four metric components 
ga5 connecting x^ to x^ , ...,x^ gave four extra degrees of 
freedom, which were interpreted as the electromagnetic 
potential (here we use the following convention for greek 
and latin indices: a = 1, 4; i = 1, 5). An additional 
scalar field 1755 or dilaton may be either set to a constant, 
or allowed to vary. 

When a quantum field 1}} coupled to this metric via an 
equation 

Ur^i) + ai! = {) (1) 

is considered, where Ds is the covariant five- 
dimensional d'Alembert operator, the solutions for the 
field V' must be periodic in the x^ coordinate. This leads 
to the appearance of an infinite " tower" of solutions with 
quantized x^-component of the momentum: 

ql - 27rn/L (2) 

where n is an integer. In our four-dimensional space- 
time on a large scale such solutions with n 7^ interact 
with the electromagnetic potential gab a-s charged parti- 
cles with an electric charge e„ and mass m„: 

e„ = %„(16^G)i/Vc (3) 
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where G is the gravitational constant (see for example 
the derivation in For the purposes of discussion 

below let us follow this derivation when an angular co- 
ordinate (j)^ varying within an interval from to 27r is 
introduced, so that 



= 2tt- 



L 



Now the metric can be written as 



(5) 



ds^ = g^pdx'^dx'^ + 2ga5dx°'d<j)^ + g^sdcj)^ d(f>^ , (6) 

Here we are not interested in possible spatial depen- 
dence of and consider all components to be inde- 
pendent of (j)^. Equation (1) with a — for the quantum 
field ijj in this metric should be written as 

a„fv vi" ' ' a„n. » j,5 ' 



(7) 



Since we assume that the 17^5 do not depend explicitly 
on ^fJQ should not address the terms like dg"^^ jdc^? . 
Thus, we may search for the solutions in the usual form as 
■0 — ^'(a;")e*^'^ , where periodicity in requires g„ = n. 
As a result, we obtain 
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(8) 



This is the same as the Klein-Gordon equation in the 
presence of an electromagnetic field: in four-dimensional 
space-time it describes a particle of mass 



m 



1/2^ N 

C555 iln) 



(9) 



which interacts with a vector field g"^ through a quan- 
tized charge e„ ~ In this theory the conservation of 
the electric charge is a simple consequence of the con- 
servation of the a;5-component of the momentum. Sim- 
ilar Kaluza-Klein theory may be formulated in a three- 
dimensional space-time, which has one compactified spa- 
tial dimension. Again, quantized 0-component of the 
momentum will play a role of an effective charge, which 
interacts with a two-component vector field g"^. 

It is well-known that Maxwell equations in a gen- 
eral curved space-time background gik{x,t) are equiva- 
lent to the macroscopic Maxwell equations in the pres- 
ence of matter background with some nontrivial electric 
and magnetic permeability tensors eik{x,t) and iiik{x,t) 
[Q. Thus, strong similarity between the results of the 
three-dimensional Kaluza-Klein theory and the solutions 
of Maxwell equations in some quasi-three-dimensional 



cylindrical waveguide geometries may be expected: in 
both cases we consider a massless field in a geometry 
which has a compactified cyclic 0-dimension in the pres- 
ence of nontrivial space-time curvature or permeability 
tensors, respectively. This similarity is expected to be es- 
pecially strong in the case of surface plasmon waveguides, 
since surface plasmons live in (almost) three- dimensional 
space-times on the metal interfaces. 

3. NONLINEAR OPTICS OF CYLINDRICAL SUR- 
FACE PLASMONS 

In this chapter the similarity described above will 
be confirmed by finding the respective solutions of the 
nonlinear Maxwell equations for cylindrical surface plas- 
mons. Let us first consider general properties of Maxwell 
equations in a medium (media), which has cylindrically 
symmetric geometry. The insight gained from the pre- 
vious discussion tells us that in order to look similar to 
the three-dimensional Kaluza-Klein theory, the medium 
should discriminate between left- and right- circular po- 
larized waves (the waves which have opposite angular 
momenta, and thus expected to posses opposite effec- 
tive Kaluza-Klein charges). This means that the medium 
should be chiral or optically active. There are different 
ways of introducing optical activity (gyration) tensor in 
the macroscopic Maxwell equations. It can be introduced 
in a symmetric form, which is sometimes called Condon 
relations 11511: 



D = eE + j 



dB 

'at 



dE 
'dt 



(10) 



(11) 



Or it can be introduced only in an equation for D (see 
p^ , p^ ). In our consideration I will follow Landau and 
Lifshitz and for simplicity use only the following 

equation valid in isotropic or cubic- symmetry materials: 



D = eE + iE X g, 



(12) 



where g is called the gyration vector. If the medium 
exhibits magneto- optical effect and does not exhibit nat- 
ural optical activity g is proportional to the magnetic 
field H: 



9 = fH, 



(13) 



where the constant / may be either positive or nega- 
tive. For metals in the Drude model at w >> eH/mc 



/(^) 



(14) 



where tOp is the plasma frequency and m is the electron 
mass ]T^ . 

Initially, let us consider a medium with g = g(r,z,t) 
directed along the 0-coordinate. Such a distribution 
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may be produced, for example, in a medium exhibiting 
magneto-optical effect around a cylindrical nanowire if a 
current is passed through the wire. After simple calcula- 
tions we obtain a wave equation in the form: 



V X V X B = -AB = 



e d^B i 9(V x[Exg\) 



c2 dt^ 



dt 



(15) 



The z-component of this wave equation for a solution 



Id, dB,.^ d^B, ed^B, 

r— ^ + ^ 

r or or 



rB, 



.^^ + -(|)(.i^.) = (16) 
rc ot cr ot 

It can be re-written in the form similar to equations 
(1) and (8) as follows: 



d{g/r) 



B, + in{-^)i—^) + in- 

gcjjij, r cot cot 



(17) 



where dr plays the role of factor a in equation (1), 
and (700 = r^. Similarity of equations (8) and (17) be- 
comes more evident if we identify the Kaluza-Klcin vec- 
tor field g^'^ as g/r, disregard terms higher than linear in 
g, and recall that for cylindrical surface plasmon modes 
iEz = aBz, where the coefficient of proportionality a is 
real and is determined by the boundary conditions 
The missing factor of 2 in front of the fourth term in 
equation (17) originates from the asymmetric way of in- 
troducing the gyration in the macroscopic Maxwell equa- 
tions (see equations (10-12) and the relevant discussion). 
Thus, from the macroscopic Maxwell equations we arrive 
to a picture of n > waveguide modes interacting with 
the "gyration potential" ^ gjr via quantized effective 
" chiral charges" proportional to the angular momenta of 
the modes. 

The dispersion law and electromagnetic field distribu- 
tion of cylindrical surface plasmon modes of a cylindrical 
metal wire may be found in |]. The uj(k) of the n = 
CSP mode goes down to u; = approaching the light 
line uj = kc/e^/"^ from the right, as fc ^ 0. The field 
of this mode has only the following nonzero components: 
Er, Ez, and 77^, thus satisfying our initial requirements 
for the direction of g, and if we recall equation (13), we 
notice that in the media exhibiting magneto- optical ef- 
fect, such as the cylindrical metal wire itself, the higher 
n > CSP modes interact with the field of the n — 
CSPs via their effective "chiral charges" proportional to 
n. Thus, CSP quanta with n — may be considered as 
massless (in the A: — > limit) quanta of the "gyration 
field" . The dispersion laws of the CSP modes with n > 
start at some nonzero frequencies and intersect the light 
line (become nonradiative and de-couple from free-space 
photons) at some finite uj. The modes of different n are 



well separated from each other, and there is no crossing. 
In the k ^ oo limit the uj{k) of all the CSP modes satu- 
rates aX UJ ~ LJri /2i/2. Thus, the group velocity duj/dk of 
the higher modes goes to in this limit: the "charged" 
quanta are slow. 

Let us now derive an analog of the Poisson equation for 
the " gyration potential" and " chiral charges" around the 
cylindrical metal wire. Let us search for the solutions 
of the nonlinear wave equation (15) in the form B = 
Bq + Bn and E = Eq + En, where Bq and Bn are the 
CSP fields with zero and nonzero (n) angular momenta, 
respectively, and the "gyration field" in the magneto- 
active media is obtained in a self-consistent manner as 
g = f{H + Bq + Bn), where 77 is a constant external 
field. We are interested in the solution for the field Bq in 
the limit — > in the presence of the i?„ field, so that 
in the found solution the Bn field will act as a source of 
Bq- The resulting nonlinear Maxwell equation may be 
simplified assuming that the field _B„ is supposed to be 
the solution of linear Maxwell equation, and the terms 
proportional to and higher may be neglected. As a 
result, we obtain: 



ABn = - 



if 5(V X [En X Bn]) if 5(V X [^0 X Bn]) 



dt 



c dt 

if d{V X [En X B„]) 



dt 



Since the fields Bq and Bn are not supposed to be coher- 
ent, their products disappear after time averaging, and 
we are left with the effective Poisson equation for the 
nonlinear interaction of CSPs: 



ABo = 



'UJ. 



X [En X B„] = X S, 



'n, 



(19) 



where Sn is the Pointing vector of the CSP field with 
the nonzero (n) angular momentum. As an interest- 
ing consequence of this equation, let us note that in an 
isotropic medium 



V X (V X Bo 



Anfujn 



Sl) = 



(20) 



This observation lets us to conjecture that electric cur- 
rents may also be the sources of the chiral field, and that 
the electron states with nonzero angular momenta may 
act as chiral charges. We will discuss this extension of 
the CSP nonlinear optics later in this paper. 

Using the same approximations as before, we can also 
derive an analog of the Gauss theorem for the "chiral 
charges" . Let us consider a cylindrical volume V around 
a cylindrical metal wire (see Fig.l), such that the side 
wall of the volume V is located very far from the wire 
and the CSP fields are zero at this wall. 



(18) 
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Let us estimate the strength of chiral charges inter- 
action. Using equations (17) and (22) within the ap- 
proximations described above the potential energy of two 
equal chiral charges n separated by distance z can be 
written as 



W 



(23) 



FIG. 1. Schematic view of a cylindrical metal wire, which 
supports cylindrical surface plasmon propagation. N is the 
chosen direction of the wire. 

Using the vector calculus theorem we can write 



V X Sd-^x ^ n X Sda ^ N x Sda- N x Sda, 
V Js Js2 JSi 



where Sn^, = nujn{eEl + Bl) / {-iTT is the 0- 
component of the Pointing vector, 0^ — eti^^/c^ — fc^j is 
defined by the dispersion law of the nth mode, and r is 
the radius of the cylindrical metal wire. Assuming f{uj) 
from (14) and /?„ kn the order of magnitude estimate 
of W may be written as 



(21) 



where S is the closed two-dimensional cylindrical sur- 
face bounding V, with area element da and unit outward 
normal n at da, Si and S2 are the front and the back 
surfaces of V, and N is the chosen direction of the wire. 
Using equation (20) we obtain 



V X Sd-^x 



N x[V X Bo]da ■ 



N x[V X Bo]da (22) 



Si 



Since iV x [V x Bq] = dBo^/dz, we see that a "chiral 
charge" produces a local step in the " gyration field" . If 
this effective Gauss theorem would be precise at any dis- 
tance, we would come up with an unphysical result that a 
localized "chiral charge" would produce an infinite field 
B^ at infinity. In reality, one has to take into account 
all the effects that we neglected while deriving the effec- 
tive Poisson equation and Gauss theorem, such as higher 
than quadratic terms in the nonlinear Maxwell equations, 
and also take into account final lifetime of the cylindrical 
surface plasmons. Nevertheless, the underlying Kaluza- 
Klein mechanism of the " chiral charge" interaction lends 
credibility to the conclusion that CSPs of a cylindrical 
metal nanowire exhibit very strong long-range interac- 
tion. The case of cylindrical nanochannel is somewhat 
different, since in this case the zero angular momentum 
mode has nonzero frequency in the limit fc — s- (in other 
words it acquires some effective mass), so that interac- 
tion of higher mode quanta via exchange of zero- angular 
momentum CSPs becomes more short-ranged. Similar 
mode-coupling theory may be further developed to de- 
scribe mode propagation and interaction in other chiral 
optical waveguides. 



Tic uj„ r r'^m.'^c 



2„2 ' 



(24) 



where A is the wavelength of LUn light in vacuum. 
As may be expected, the nonlinear optical interaction 
of CSP modes grows inversely proportional to r^, and 
achieves considerable strength in nanometer scale metal- 
lic nanowires and nanochannels even without addition of 
nonlinear dielectrics inside a nanochannel or around a 
nanowire. If we assume hujn — leV, htOp — 7eV, and 
r — Inm (disregarding nonzero skin depth) the poten- 
tial energy of two unit chiral charges is of the order of 
W ^ 2 X lO^zeV/cm, so even interaction of single CSP 
quanta separated by submicrometer distances is consid- 
erable. The effect of this interaction on the ground state 
of the nanowire will be discussed later in this paper. 

A very useful physical picture of the chiral interac- 
tion may be obtained using the analogy between the 
Maxwell equations in a given gravitational field , and 
the Maxwell equations in a chiral medium. Relationship 
between the D and E fields in a gravitational field with 
the metric gik can be written in the form 



D = 



E 



H xg, 



(25) 



where h = 500 and ga = —goa/goo- For an electromag- 
netic wave this relationship is very similar to equation 
(12) if we identify e as and take into account dif- 

ferent conventions for the use of imaginary numbers used 
in Q and |l7|. Thus, the space-time itself behaves as a 
chiral optical medium if 5 7^ 0. Such a space-time region 
can be described locally as a rotating coordinate frame 
with an angular velocity ||l7|l 



n = V x g 



(26) 



Similar vector Q field can be defined for any chiral 
medium regardless of the nature of its optical activity 
(natural or magnetic field induced). Thus, nonlinear elec- 
trodynamics of such medium may be understood as if 
there is a distribution of local angular rotation f2 field in 
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it. It is clear that in the presence of f2 ^ (as is the case 
for a zero-momentum CSP propagating along the metal 
wire, due to the i?^ field of the CSP and eq.(13)) any par- 
ticle with nonzero angular momentum (CSP or electron) 
acquires additional energy Lfi, where L is the angular 
momentum of the particle. This is the physical meaning 
of the terms in equations (16) and (17) describing the 
chiral interaction of the CSP angular momenta with the 
gyration field. At the same time, the field of CSPs with 
zero angular momentum describes small spatial oscilla- 
tions of the f2 field. Thus, zero-angular-momentum CSPs 
may be considered as quanta of the effective angular rota- 
tion field in the optically active nonlinear medium, and, 
according to the solution of the nonlinear Maxwell equa- 
tions described by equation (19), CSPs with nonzero an- 
gular momenta (the chiral charges) act as the sources of 
the Vl field. 

4. NONLINEAR ELECTRON-PLASMON INTER- 
ACTION 

Let us now extend the above ideas to the description of 
nonlinear effects in electron-plasmon interaction. While 
linear Schrodinger equation is appropriate to determine 
the lowest order effects of the CSP field on the individ- 
ual electron wave functions, such a description would not 
be appropriate in the case of nanowires and nanoholes, 
since plasmon field strength may become considerable 
and nonlinear optics of the materials must be taken into 
account. Thus, higher order nonlinear interaction terms 
of the nonlinear medium quantum electrodynamics must 
be considered. At the same time, since plasmons are col- 
lective excitations of the electron density and the elec- 
tromagnetic field, collective effects must be taken into 
account if a proper description of electron-plasmon in- 
teraction must be obtained. Thus, we meet the gen- 
eral difficulty of the mesoscopic physics of finding the 
ground state of a one-dimensional electron system, which 
is described in and the references therein. These ar- 
guments indicate considerable difficulties in construct- 
ing nonlinear theory of electron-plasmon interaction. On 
the other hand, reasonable success of using the insights 
gained from the analogy with the Kaluza-Klein theories 
in finding solutions of the nonlinear Maxwell equations 
for the interacting CSPs encourage us to develop simi- 
lar analogy for the more complicated nonlinear electron- 
plasmon interactions. 

The logical continuation of the ideas described above 
is to consider both the chiral charges of the CSPs and the 
normal electric charges in a symmetric and unified way, in 
which electron-electron, electron-plasmon, and nonlinear 
optical plasmon-plasmon interaction in a thin metal wire 
is described as if it happens in a four-dimensional space- 
time, which besides the extended z-coordinate has two 
compactified cyclic spatial dimensions: the 0-dimension 
along the circumference of the metal cylindrical wire, 
and the cyclic fifth dimension of the original Kaluza- 
Klein theory. Similar to high energy physics where the 
search for the underlying universal symmetries between 



different particles and fields has been a very fruitful ap- 
proach, we may expect that such a unified description 
may bring about new deep insights into the mesoscopic 
physics. Such insights are highly necessary taking into 
account numerous current contradictions between meso- 
scopic theories and experiment At least some 
of these contradictions may be explained by previously 
unaccounted intrinsic electron-electron interactions [|6|. 
Electron-electron interaction via exchange of cylindrical 
surface plasmons may be one of such interactions. 

Let us now follow the general Kaluza-Klein recipe, 
and try and build a unified theory of electron-plasmon 
interaction in a thin metal wire by considering a four- 
dimensional space-time, which besides the extended z- 
coordinate has two compactified cyclic spatial dimen- 
sions: the (/)-dimension along the circumference of the 
metal cylindrical wire, and the cyclic fifth ^?-dimension of 
the original Kaluza-Klein theory. As has been seen above, 
the effects of the radial coordinate can be included in the 
factor a of equation (1), so we will neglect the radial coor- 
dinate of the real physical wire for the sake of simplicity. 
We will also assume temperature to be very low, so that 
interactions of only a few electrically charged quazipar- 
ticles can be considered, while the rest of the electrons 
in the metal are taken into account via electric and mag- 
netic permeability tensors e^fc and /i^fc of the metal, which 
in turn are taken into account via the space-time metric 
gik- Thus, the effective metric can be written as 

ds^ = c^dt^ - dz^ - R^dcj)'^ - r'^dO'^ + 2go2cdtd(f> + 

2go3cdtde + 2gi2dzd(p + 2gi3dzdd + 2g23d9d(p (27) 

where R{z) and r are the radii of the cylindrical wire 
and the compactified original fifth Kaluza-Klein dimen- 
sion, respectively. Here we consider all the goi and gn 
components to be independent of and 6. Equation (1) 
with a = for a quantum massless scalar field ^ in this 
metric should be written as 



(28) 



where i,k = 0, ...,3. The field ip is considered to be 
scalar in order to make the consideration as simple as 
possible (for a vector field each component of the field 
will need to satisfy equation (28)). We will search for the 
solutions in the usual form asip ~ 5'(a;")e**^'^e''^^, where 
a = 0, 1, and periodicity in (j) and 9 requires q2 = n2 and 
93 — 1^3 ('^2 and ns are integer). As a result, we obtain 



qig""^ + 2(72935'')^^ + 



c^df^ dz^ 



^a3 



This is a two-dimensional Klein-Gordon equation de- 
scribing a two-component quantized superchiral charge 
{Q2', Qs) in the presence of external g"^{t, z) and g"^{t, z) 
vector fields (the name superchiral is chosen to empha- 
size the unified description of electrons and plasmons). 
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The 53 component of the superchiral charge and the g"^ 
field correspond to the quantized electric charge e ~ (73 
and the electromagnetic field, respectively, while the (72 
component of the charge and the g"^ field correspond to 
the chiral charge and the gyration field described above. 
Thus, we have obtained a unified symmetric description 
of both types of charges and their interactions. For exam- 
ple, it is easy to see that the term 2q2q3g^^ip in equation 
(29) corresponds to the orbital magnetic moment of the 
electric charge (73, which interacts with the axial mag- 
netic field described by g"^^. At the same time, equation 
(29) indicates that the axial magnetic field is not the only 
field acting on the electric charges which posses nonzero 
orbital momenta. According to (29), such states respond 
to the gyration field g"^ in the same way as the CSPs 
with nonzero angular momenta (n > 0). In other words, 
a rotating electric charge has an effective chiral charge, 
and it exhibits long-range interactions with other rotat- 
ing electric charges and n > CSPs via exchange of fast 
massless CSPs with zero angular momentum. 

After we have understood the general symmetry and 
structure of the electron-plasmon interaction in the 
Kaluza-Klein model, we can try and reformulate this 
description using normal language of nonlinear Maxwell 
and Schrodinger equations. Let us start from the effec- 
tive Poisson equation for the chiral charges and the gy- 
ration field in the cylindrical wire geometry in the form 
of equation (20). By looking at the expression under the 
parenthesis, it is clear that the electric current j should 
act as an additional source of Bq, so that the effective 
Poisson equation takes the form 

ABo = X Sl + —VXJ (30) 

c' c 

Thus, both the chiral charges of the CSPs and the ro- 
tating electric charges enter this equation in a symmet- 
ric way, and act as the sources of the gyration field in 
agreement with the Kaluza-Klein analogy. We can also 
conjecture that the electrons spins should also enter as 
the sources in this equation, although the proof of this 
conjecture can only be obtained in a complete nonlin- 
ear medium quantum electrodynamics treatment, which 
is beyond the scope of this paper. 

As a second step, let us consider how the field of a 
zero-angular-momentum CSP (gyration field) acts on a 
rotating electric charge. The field of this CSP mode 
has only the following nonzero components: i?,-, E^, 
and and may be described in cylindrical co- 

ordinates (r, (j), z) by the vector potential of the form 
A= (Ar,Q,A^), so that Er = dAr/dt, E^ ^ dA^/dt, and 
Hff, — dAr/dz — dAz/dr. The linear Shrodinger equation 
with the vector potential of this form can be used in eval- 
uation of CSPs effect on the phase of the electron wave 
function. Unfortunately, the chiral interaction of inter- 
est is due to nonlinear optical effects, and arises as higher 
order terms in QED of a nonlinear optical medium. How- 
ever, the analogy with the electrodynamics of a rotating 



medium described above makes it physically clear that 
any particle with nonzero angular momentum (CSP or 
electron) acquires additional energy Lfl in the gyration 
field, where L is the angular momemtum of the particle. 
Thus, the Kaluza-Klein analogy again looks justified in 
predicting the chiral field interaction with rotating elec- 
tric charges. 

As has been shown above, in a thin metal wire the 
chiral interaction of the CSP chiral charges via exchange 
of zero-angular-momentum CSPs becomes quite notice- 
able at large distances. Unlike the Coulomb interaction, 
which is screened by the presence of other free electrons, 
the chiral interaction does not experience much screening 
at short distances, due to its general weakness: we may 
say that the chiral charges are adiabatically free, similar 
to the behavior of quarks at short distances. However, 
because of the one-dimensional nature of the chiral in- 
teraction, it does not depend on the distance between 
the chiral charges unless the CSP decay (finite free prop- 
agation length) is taken into account. The strong fre- 
quency dependence of the constant / in the equation 
(14) may even lead to the increase of the chiral inter- 
action with distance (since / grows proportional to A^, 
as long as w >> eH/mc). These factors may make the 
chiral electron-electron, electron-plasmon and plasmon- 
plasmon interactions an important mechanism in meso- 
scopic transport phenomena, especially in long samples. 

A number of experiments to check the importance of 
chiral interactions may be suggested. For example, the 
CSP spectrum of a cylindrical metal wire may be changed 
by periodic modulation of the shape of the wire, and the 
effects of this change on different mesoscopic properties 
may be studied. Comparison of transport properties of 
wires with different cross-sections may also be performed. 
Breaking of the cylindrical symmetry of the wire may be 
described as an external chiral field, which affects the chi- 
ral electron-plasmon interaction, but does not remove it 
completely. An external chiral field may also be created 
by coating the wire with a layer of chiral optical mate- 
rial or external illumination with circular-polarized light. 
In all these cases the chiral electron energy level split- 
ting may be studied. If the energy level splitting is high 
enough, one can start to talk about para- or dia-chiral 
response of the samples. 

The chiral interaction is especially important in pos- 
sible applications of the nanohole arrays in quantum 
computing. A nanohole geometry can be described by 
equation (27) by choosing R{z) — > cx) at z = and 
z — d, where d is the metal film thickness. This choice 
of metric makes it look like a wormhole of the field the- 
ories, which connects two flat three-dimensional surface- 
plasmon space-times on the interfaces of the metal film. 
Since the structure of the equation (29) is not affected 
by z-dependence of R, the language of chiral interac- 
tion is the proper language to describe surface plasmon 
interaction around the nanoholes in a nanohole array. 
This interaction quickly fades away from the nanoholes. 
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but it provides weak coupling of the qubits necessary for 
the quantum computer operation, while the external il- 
lumination of the nanohole array may act as a computer 
program. These are just a few of possible experimental 
checks and developments of the ideas described in this 
paper. 

I should also mention that the density-dependent spin 
polarization recently observed in zero magnetic field in 
ultra-low-disorder quantum wires 1^ may be explained 
as a manifestation of chiral energy level splitting, espe- 
cially if we recall the observation of the authors that this 
effect is more pronounced in longer samples and at higher 
electron densities p8| (as we have seen from the previ- 
ous discussion, longer samples increase the importance of 
the chiral interaction, while higher electron densities in- 
crease the plasma frequency, and, hence, the value of the 
constant / in eq.(13)). Electric current flowing through 
the quantum wire during measurements may create some 
initial gyration field g = fH circulating around the wire, 
and hence, the $7 ~ V x g field directed along the wire. 
This will induce the initial chiral asymmetry between the 
left- and right- nonzero angular momenta of electrons 
and plasmons (the energy level splitting of the order of 
AE = h^l). Although this initial splitting is probably too 
weak, it creates some predominance of chiral charges of 
one sign with respect to another, so one may expect some 
net chiral charge of the same sign separated by distances 
as large as the length of the sample. Taking into account 
our earlier estimate of the energy of the chiral charge in- 
teraction of the order of ~ 2 x 10^ x I eV/cm, where 
I is the sample length, we see that the chiral ordering 
(and, hence, spin polarization) may be expected in long 
quantum wires. Although more precise theoretical treat- 
ment of this effect will be necessary in the future, these 
arguments indicate that the chiral energy level splitting 
is an observable effect, and it may in fact already been 
observed. 

In conclusion, similarities between nonlinear electron- 
plasmon interactions in a cylindrical mesoscopic system 
and Kaluza-Klein theories, which stem from the analogy 
between the angular coordinate of a nanocylinder with 
the compactified coordinates of the Kaluza-Klein theo- 
ries, have been considered. These similarities indicate 
that electron and plasmon states with non-zero angu- 
lar momenta exhibit strong long-range interaction with 
each other via exchange of plasmons with zero angular 
momentum. This insight has been confirmed by finding 
correspondent solutions of the nonlinear Maxwell equa- 
tions for interacting plasmons. Such solutions have im- 
portant consequences for description of electromagnetic 
and transport properties of mesoscopic metallic wires, 
holes and rings, such as recent observation of density- 
dependent spin polarization in quantum wires. Numer- 
ical estimates indicate that the latter effect can be ex- 
plained by the electron energy level splitting in the gy- 
ration field induced due to the magneto-optical effect by 
the current flowing through the quantum wire. 
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